and which is also solenoidal. (In eq. (23) we have suppressed the superscript in t(1).) The gradient of BoM which occurs in this equation can be eliminated by taking the curl of the equation; and by applying the operation of curl twice, we obtain _v27 = 2V2 (Xk a') -2a-bXjkxe) (24) This equation determines n in terms of t; with n thus defined, we can rewrite the integral relation (22) in the form (cf. eqs. (18) and (23)) f2 ff In 2dX1 dX2dx3 (25) fff It (25)X~X3
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This equation expresses U2 as the ratio of two positive definite integrals. Accordingly, the solution is stable; moreover, it can be shown that equation (25) providesthe basis for a variational method of determining u2.
The explicit solution of the underlying problem in hydromagnetic oscillations in case the prevailing fields are axisymmetric has many interesting features. They will be discussed in another connection.
cussed, which has the advantage that the equations involve functions which either depend only on the sphere's interior and not on the lattice or else depend on the lattice only and not on the spheres. Once these separate functions are computed, solutions for many specific cases can be found graphically.
To assume that the effective potential is spherically symmetric inside the sphere r = a and is zero in the interspaces is to make the problem identical with the acoustical problem of the transmission of sound waves through a regular array of spherical scatterers. In both cases the equation for the wave function 46 in the interspace is (A2 + k2)0 = 0, where k2 is proportional to the energy in the electronic case and to the square of the frequency in the acoustic case. We need not know the details of the wave solution inside the spheres in order to determine the solution in the interspace; all that is needed is the value of the logarithmic derivatives, at r = a, of the interior radial factors for each spherical harmonic. In other words, if the wave function at r = a is #int = E FmlYi"(4 ) , )
(1) ml where Ylm are the usual spherical harmonics,' then all we need to know about the interior, r < a, are the values of the various g's, defined in the equation int = _1 g1(ka)Fm1 ylm (r = a).
(2) br a ml Knowing values of the g's, the problem is essentially one of finding allowed values of the F's for the required lattice of spheres, subject to the requirement that, as one goes from the central cell to the pth cell in the lattice, the wave is multiplied by the factor exp (iK.R,), where K is the wave-number vector characterizing the particular solution and R, is the displacement vector from the origin to the center of the pth cell. For a given set of g's and for a specific value of K, only for a discrete set of values of energy k2 can a self-consistent solution be obtained for the F's. Knowing the F's, it is, of course, easy to find the wave solution of [V2 + k2 -V(r) ]O = 0 inside the spheres, if this is necessary. Equation (2) is also the appropriate form of the boundary conditions for acoustical waves in a lattice of spherical scatterers; in the acoustical case the g's may be complex numbers.
The solution in the field-free interspace can, of course, also be expressed in terms of plane waves:
where K, is the vector from the origin to the Ath point in the reciprocal lattice; and the joining equations can be set up in terms of the B's instead of the F's. However, in actual practice, series (3) converges more slowly than series (1); hence it is usually better to solve for the F's and then to obtain the B's from them. (6) which is the fundamental set of simultaneous equations determining the F's and k2 in terms of K.
Since equation (6) is a homogeneous integral equation, it has nonzero solutions for only certain discrete values of k2. These are the allowed levels we seek. They can be found by means of a variational principle, as Kohn and Rostoker4 suggest, or else we can rearrange our integrations and summations so that the resulting set of equations for the F's involves simpler functions.
Equations for the F's.-We first apply the usual4' expansion of the Green's function (for a < r < R,):
where Op, q5p are the spherical angles for the vector R, and where the I's are the Gaunt factors, defined by the equations y m(4, ()yy,m'( (,p, ( Z I" (mI I t M') yn' -n(i (,). (7) n We also need the g factors for the spherical Bessel functions,
ji(ka) da
These would be the values of the g's of equation (2) if the effective potential inside r = a were zero. Tables of the a's are available.6 Substituting all this in equation (6), we obtain (9) where, for each choice of K, k is adjusted to make the secular determinant of the coefficients go to zero. These are the basis of a rapidly convergent set of equations for the F's. The quantities in square brackets do not depend on the sphere's interiors and may be computed, once for all, for each type of lattice. The spherical interior enters only through the terms (g1 -g1), which are, as we shall see later, related to the phase angles for scattering from a single sphere. These go rapidly to zero for increasing 1 and insure convergence of the series. Equations (9) are exact, as long as the initial assumptions (V = 0 for r > a) are valid. Althoigh the derivation given above assumes a regular lattice, the same equation can be obtained without the assumption of regularity as long as the mean density of spherical centers approaches a constant value at large distances. The summation over p is then the summation over all other scattering centers, the pth one being at R,. Effects of lattice distortion may thus be computed by means of this same set of equations.
From this point of view, equation (9) is an extension of the method of Foldy7 for calculating the multiple scattering of sound from a random distribution of scatterers. The quantities in the square brackets represent the effect, on the surface of the central sphere, of the scattering from all the other spheres.
The basic scattering functions are thus Mmn(K, k2) = iaom Jon + i1-n Z eiK Rp ynm(%p, Gp) hn(kRp).
The functions in equation (9) are related to these in the same way as the products of two spherical harmonics are related to a sequence of single harmonics (see eq.
[7]):
n Substituting this in equation (9) Equations (9) for the coefficients F then become
(1
In this form the equations display their relation to those for the scattering of a plane wave from a single sphere with the same properties defined in equations (1) and (2). The phase defects 5A for such scattering are related to the functions St and C1, defined above, by the equation 
We will show later that when the cell volume becomes much larger than a3, the summation in equation (12) We obtain the Fourier series for the radiation from this distribution, then subtract the p = 0 term, which had to be added to get the Fourier series, and add an asymptotic series which represents the difference between the spread-out sources pp(r) and the correct point sources. The value of r is then adjusted so that convergence is quickest. An The quantities W'Yn,'(s,, a) and D nynm(0,, 4,) are polynomials of degree n in the three components of the vectors W, and DP, respectively. To compute M to four-place accuracy (for -1 <w2 < 1), it is only necessary to include nearest neighbors in the asymptotic sum for mmn, but it is necessary to include at least thirdnearest neighbors in the absolutely convergent sum over v for M.
As functions of w2, both q and mmn are integral functions; the sum over v, and therefore M itself, has simple poles at w2 = W,2, corresponding to the Bragg reflection reinforcements mentioned previously. As functions of vector W, the M's are periodic with respect to the reciprocal lattice; hence we need only compute them within the first cell of this lattice. Plots of some of the M's are shown in Figure 1 . The digital computer Whirlwind I is being used to calculate the M's for -'/2 < W2 < 1; 1 = 0, 1, 2; -l < m < 1; for seven different directions for W; for simple, for face-centered, and for body-centered cubic lattices.
Properties of the Solutions.-The proper dimensionless parameter for the functions S and C, for the interior of the spheres, is u = ka = aw, where a = 7ra/b measures the relative size of sphere to cell. To discuss the convergence of equations (12), we note that, for u < n, Cn(u) approaches a constant value of the order of magnitude of 2Tr(n + '/2) and Sn(u) approaches a value of the order of l/2n+lr (n + '/2) or smaller. Equations (12) can then be rewritten as
The meromorphic functions (wl+l'+1 MZ") all have simple poles at the same points along the real w' axis, namely, where w2 = W,2. Therefore, by multiplying each of equations (19) by the rational function Q(W, W2) = (W2 -W2) II (1 W-2) ( + W2) (which has zeros where the M's have poles), we obtain a set of simultaneous equations for the F's, with all coefficients analytic for finite values of w2 as long as W is inside the central cell of the reciprocal lattice. It is then not difficult to obtain a secular determinant, the roots of which determine w2 in terms of W, which converges absolutely. The quantity a cannot be larger than 7r; otherwise the spheres would overlap and the original assumption would not hold.
Because of the asymptotic behavior of S and C, the series coefficients in equations (19) decrease in magnitude rapidly as 1 + 1' increases, so that only a few terms in the series on the right-hand side need to be included to obtain quite accurate values for the first few roots of the secular determinant. For intersphere potentials appropriate for atoms lighter than sodium, retaining only the terms for 1 = 1' = 0 gives values of w2 which are accurate to within a few per cent. The resulting secular equation, u cot 6o(u) = aWMOO(W, W2) (u = ka = aw), (20) may be solved graphically by plotting (u/a-) cot bo on the set of curves for wMoo.
Change of lattice size, for the same spheres, involves simply a change in scale of u with respect to w. For potentials appropriate for copper or iron, terms in 1 = 1' = 1 should be included, but the 2 X 2 determinant is not difficult to solve graphically. One sees that, as a = 7ra/b goes to zero, the curves for (u/o-) cot 60 on Figure 1 move away from the horizontal axis and the roots of equation (20) 
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ectcion /i 2 It should be noted that the number of terms required to give an accurate value of V is usually greater than that needed for an accurate calculation of w2. For example, even for ,3 = 0.75, terms including 1 = 4 are needed in series (15) to obtain an accurate value of 46 near the cell boundary, though the 1 = 0 terms suffice to obtain w2. We return to this point later.
As a -* 0, or if the intersphere potential becomes small, so that all the at's approach zero, the allowed roots of the secular equation approach w2 = W,2. When this occurs, equation (18) The first term can also be simplified, using the relation f Ylm(#o, spo) [cos a, cos as + sin id sin id cos ((P. - 
Therefore, a Fourier expansion for 4s in the interspace between spheres, an alternative expansion to that of equation (15) to produce a set of simultaneous equations4 for the B's which can be solved to find k2 and A1. Equation (5), however, involves the value and normal gradient of s1 at the surface of the sphere, where it can be represented by fewer terms in the expansion form (1) than by form (3). Therefore, the secular equation using the F's involves fewer terms than does that using the B's. Once the secular equation is solved, however, and the F's are obtained, to compute ,1 near the cell boundary it is often better to use series (24) than series (15). 
DETERMINATION OF CRYSTAL STRUCTURES BY MEANS
Here (fo)j is the scattering factor at infinite wave length, Af,' is the real part of the change in this factor near an absorption edge, and fji is the imaginary part on the short-wave-length side of the absorption edge. We found it very useful to examine the value of the square of the amplitude of the crystal structure factor, Fhk 2 = FhklzFhkl*, and the Fourier series involving these quantities as coefficients, when anomalous scatterers are present in the structure; we demonstrated that
